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Abstract
This article addresses persistent tangles. These are tangles whose presence in a knot diagram
forces that diagram to be knotted. We provide new methods for constructing persistent tangles. Our
techniques rely mainly on the existence of non-trivial colorings for the tangles in question. Our main
result in this article is that any knot admitting a non-trivial coloring gives rise to persistent tangles.
Furthermore, we discuss when these persistent tangles are non-trivial.
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1 Introduction
This article addresses the notion of persistent tangle, by which we mean, a tangle whose appearance in
a knot diagram forces that diagram to be knotted. We show that persistent tangles are prevalent, as
subtangles, in diagrams of non-trivially colored knots. This article also addresses the following issue: local
features that provide global information. For instance, we have in mind the identification of entanglement
in long polymers or DNA. The size of these long molecules complicates the identification of entanglement
(global information). Therefore, the recognition of persistent tangles (local feature) should be relevant
in this context. The techniques in the proofs are mainly elaborations of the following idea: we endow
our tangles with specific non-trivial colorings that assign the same color to the start- and end-points of
the tangle, over an appropriate modulus, see [14]. This coloring can be extended (monochromatically) to
the rest of the knot diagram it may belong to. Thus, that diagram is non-trivially colored, and therefore
knotted. We often use Fox colorings, but not exclusively. In a Fox coloring the colors are in Z/NZ for an
appropriate positive integer N (or simply in Z) and the sum of the colors assigned to the undercrossing
arcs at a crossing is twice the color assigned to the over crossing arc [4]. The term knot in this article
means a 1-component link.
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Along with giving new constructions for persistent tangles, we also formulate a conjecture that “irre-
ducible tangles are persistent” (see Section 3 for the definition of irreducibility and the precise statement
of this conjecture). Solution to this conjecture appears to require techniques beyond the reach of the
present paper.
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2 First results
We now recall the basic definitions and identify the original persistent tangle and the trivial ones.
Definition 2.1. A coloring of a knot K by a quandle X is a homomorphism from the fundamental
quandle of the knot K to the quandle X [11, 2]. A non-trivial coloring is one such homomorphism whose
range is non-singular.
Remark 2.1. The unknot does not admit non-trivial colorings. Note however that unlinks can sometimes
admit non-trivial colorings.
Proof. The standard diagram of the unknot is a circle on the plane without self-intersections. Therefore,
the colorings it admits only involves one color.
Remark 2.2. We will use Remark 2.1 in the following form. If a knot admits non-trivial colorings then
it is non-trivial.
Definition 2.2. A tangle is an embedding of one (respect., two) arc(s) in a ball with the fixed end points
on the surface of the ball. Two tangles are equivalent if they are related by an ambient isotopy, keeping the
endpoints fixed. The diagrammatical counterpart is a piece of knot diagram on a disc, with the endpoints
on the boundary of the disc. The Reidemeister moves are restricted to the disc with the endpoints fixed
on the boundary of the disc. See Figures 1, 2, 4, and 6, for illustrating examples. In a subsequent article
we will look into the n-tangle case with n > 2.
Definition 2.3. A persistent tangle is a tangle whose presence in a knot diagram implies this knot is
non-trivial. Figure 2 provides an example of a persistent tangle.
The original persistent tangle is due to Krebes [7] and is depicted in Figure 1, see also Figure 2. Krebes
proved persistence of tangles like those depicted in Figures 1 and 2 by way of the bracket polynomial.
Later Silver and Williams proved the same sort of result by way of Fox colorings [14]. Our approach here
is in the spirit of [14] but we consider other colorings besides the Fox colorings. We acknowledge also the
work of other authors in related matters [1, 8, 5, 12, 13, 15]. In [5] invariants of knots and tangles are
formulated via sums over weighted trees in the same way as the more recent paper by Silver and Williams,
[15], and it is shown how the tangle fraction and some generalizations arise by using the checkerboard
graph for knots and links. Furthermore, [5] interprets this combinatorics in terms of the current flow
in electrical circuits. It is possible that there is more work to be done about persistent tangles in this
domain.
Note that the Krebes example is not a rational tangle. In fact, no persistent tangle can be rational
[3] since any rational tangle can be inserted into an unknot [6]. The reader may enjoy proving this as an
exercise.
We now elaborate on a number of constructions that obviously give rise to persistent tangles. We call
these trivial persistent tangles. We start with the case of a 1-tangle. We recall that genus of a knot is
the least genus of the oriented surfaces whose boundary is the knot at issue.
Theorem 2.1. Genus is additive under connected sums of knots. A knot is trivial if and only if its genus
is 0.
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Figure 1: The original persistent tangle, by Krebes. The non-trivial coloring at issue uses the dihedral
quandle of order 3.
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Figure 2: A persistent tangle. The non-trivial coloring at issue uses the dihedral quandle of order p, for
an odd prime p.
Proof. These are known results. See [9] for a proof.
Corollary 2.1. A non-trivial knot gives rise to a persistent 1-tangle by disconnecting any of its arcs in
one of its diagrams. This is our first instance of a trivial persistent tangle.
Proof. Attaching to our 1-tangle a second 1-tangle amounts to performing a connected sum of a non-
trivial knot with another knot. Applying Theorem 2.1 concludes the proof. See Figure 3, disregarding
colorings.
Corollary 2.2. Every knot admitting a non-trivial coloring yields a persistent 1-tangle via disconnecting
any one of its arcs.
Proof. If the knot admits a non-trivial coloring then it is non-trivial. We can now apply Corollary 2.1 to
conclude the proof. See Figure 3, again.
Corollary 2.3 is a different view of the fact expressed in Corollary 2.2 yet paving the way for the
subsequent material.
Corollary 2.3. Assume K is a knot admitting non-trivial colorings. Then K gives rise to a persistent
2-tangle by cutting an arc at two distinct points.
Proof. Since K admits a non-trivial coloring, there exists a diagram D of K which supports such a
coloring. We disconnect one arc at two distinct points thereby producing a tangle with two start-points
and two end-points, all of them receiving the same color, say a. Clearly, if this tangle is found in another
knot diagram, this knot diagram is non-trivially colored. The arcs of the new diagram which do not
belong to the tangle are monochromatically colored with a; the tangle part of the new diagram is colored
as in the original knot diagram. Figure 4 provides an illustration of this process.
The current article is an extension of these results, especially Corollary 2.3, but we will disconnect
two distinct arcs of (certain) knot diagrams instead of one, in order to produce persistent 2-tangles.
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Figure 3: Left hand-side: trefoil with a non-trivial coloring - the non-trivial knot. Middle: The non-trivial
knot converted into a 1-tangle by disconnecting one arc. Right hand-side: Identification of the 1-tangle
in a new knot implies new knot is non-trivial.
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Figure 4: Left-hand side: a non-trivial coloring (Fox tricoloring) on a knot (trefoil) diagram. Middle:
disconnecting one of the arcs at two points, producing a persistent tangle. Right-hand side: The persistent
tangle inside a new non-trivial knot. This example produces a connected sum of knots. Note the difference
from Figure 3
3 Results
The next result advertises the possibility for the persistent tangles to be found inside knot diagrams that
are not connected sums. In this way, we hope to enlarge the variety of persistent tangles. In particular
we hope to obtain persistent tangles which give rise to knots which are not connected sums.
Theorem 3.1. If a knot K admits a non-trivial coloring over a diagram D with distinct arcs bearing the
same color, then it gives rise to a persistent tangle by cutting at one point each of the two arcs that have
the same color.
Proof. We distinguish two situations.
1. In the first one, the two arcs receiving the same color are both sides to the same face of the diagram,
see Figure 5 and Figure 6 (the two tangle diagrams). We then disconnect each of the arcs referred
to, thereby obtaining a tangle. This tangle can be non-trivially colored, since it stems from a knot
that can be non-trivially colored. Thus, if this tangle is found in a new knot diagram, the rest of
this diagram can be monochromatically colored. The tangle obtained is thus a persistent tangle.
This concludes the proof in this situation.
2. In the second situation, the two arcs receiving the same color are sides to different faces of the
diagram. In this case we perform a finite number of type II Reidemeister moves in order to bring
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one of the arcs over to the vicinity of the other, see Figure 6 (the two knot diagrams). Also note that
the new coloring obtained by consistently recoloring after each of the type II Reidemeister moves
is a non-trivial coloring, since recoloring after Reidemeister moves (colored Reidemeister moves)
preserves non-triviality, [10]. Now there are two arcs bearing the same color and both are sides to
the same face of the diagram. We can then apply the reasoning in 1. to conclude the proof in this
situation.
The proof is complete.
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Figure 5: Left hand-side: the knot diagram equipped with a non-trivial coloring (not shown) with arcs
a1 and a2 that receive the same color. Right hand-side: the 2 tangle obtained by disconnecting arcs a1
and a2; A1, A
′
1
, A2, A
′
2
are start- and/or end- points after disconnecting arcs a1 and a2. The shadowed
regions do not contain any arc nor crossing of the diagram.
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Figure 6: We enumerate the diagrams in this Figure 1 though 4, starting from the left-most. 1: the
diagram of a trefoil that evolves into (2) an equivalent diagram via a type II Reidemeister move. 3.
Another type II Reidemeister move and we obtained two arcs bearing the same color and adjacent to
the same face. The appropriate disconnections are performed, thereby obtaining a tangle. 4: (type II)
Reidemeister moves are performed on the tangle (endpoints are kept fixed).
We remark that in spite of the conditions of Theorem 3.1 being satisfied, we may end up with
unexpected outputs, like unlinked components, see Figure 7.
In Corollary 3.1 we give a sufficient condition for the output to display linking among the components.
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Figure 7: Top part of the Figure: knot 816 endowed with a non-trivial 5-coloring (flagged by the boxed
5 on the top left). There are distinct arcs receiving the same colors. In the bottom part of the Figure
we break pairs of arcs that receive the same color in order to produce persistent tangles, a la Theorem
3.1. Interesting feature with the persistent tangles. Bottom left: the arcs are (independently) unknotted;
bottom right: one of the arcs is unknotted (per se), the other is not.
Corollary 3.1. Assume K is a knot admitting a non-trivial coloring over a diagram such that two
distinct arcs receive the same color. Then there is an equivalent diagram of K with two arcs receiving
the same color and such that cutting at one point each of the two arcs that have the same color yields a
tangle with non-zero linking number.
Proof. Look at Figure 8. The right number of Type II Reidemeister moves increases the linking number
while preserving the desired color on the arcs to be disconnected.
Here is (Corollary 3.2) another systematic way of producing persistent tangles in the spirit of Corollary
2.3.
Corollary 3.2. Given any rational tangle, T , tangle addition of it to T ⋆, its mirror image, produces a
persistent tangle.
Proof. See Figure 9 for an illustration.
Definition 3.1. A tangle is irreducible if no ambient isotopy plus adjacent end twisting can make it into
a tangle with fewer crossings, and it is neither an infinity tangle nor a zero tangle.
Note that rational knots and links are by definition closures of rational tangles. Rational tangles are
those tangles that are rationally reducible. But non-rational tangles can sometimes reduce to rational
knots (we have specific examples in the paper).
Definition 3.2. A tangle T is said to be irreducible if it is rationally irreducible, without local knots,
and if whenever the numerator N(T ) or denominator D(T ) closure has one component, then it is a
non-trivial knot.
Conjecture 3.1. An irreducible tangle is a persistent tangle.
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Figure 8: Top: knot 62 non-trivially colored mod 11; the boxed crossing is worked out below via type II
Reidemeister moves and later inserted into the diagram. In the bottom we have a 2-tangle whose arcs
are knotted.
A small example of an irreducible tangle whose persistent we are not yet able to prove, is given in
Figure 10. Many of the persistent tangles already discussed in this paper are irreducible. However, a
proof of this conjecture would definitely require techniques beyond the coloring approach of the present
paper. For example, the tangle in Figure 12 is shown, in that figure, to admit no non-trivial coloring that
constantly labels all of its tangle ends.
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Figure 9: A persistent tangle. The non-trivial coloring at issue is by the dihedral quandle of order 7.
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Figure 10: Left: Figure-8 knot; numerator closure of tangle T (notation, N(T )) in the middle. Middle:
tangle T . Right: denominator closure of T , D(T ) (it is the trefoil). Remark: both N(T ) and D(T ) are
non-trivial knots. T is thus an example of an irreducible tangle. However, if we color the slashed arcs
with the same color then this assignment will necessarily extend to a trivial coloring. Therefore, coloring
arguments are not enough to prove this tangle is persistent - should it be persistent.
In Figure 13 yet another instance. It is a non-trivial knot since it features Krebes original tangle
although in a more elaborate way.
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Figure 11: Cutting open a rational knot to give a non-rational tangle that is persistent and reduces to
the Hercules tangle.
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Figure 12: The same 2-tangle with the four different assignments of orientations to its arcs; the config-
urations on the left-hand side are prepared for denominator closure whereas the ones on the right-hand
side are prepared for numerator closure, for instance. We try to equip them with a non-trivial coloring
keeping the start- and end-points with the same color, a. We arrive at an inconsistency: e = c in each
instance which implies the colorings have to be trivial, again in each instance.
Figure 13: A non-trivial knot since the diagram features Krebes original tangle. A subtlety: Krebes
original tangle lies over other portions of the diagram.
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